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Two methods f o r  s t u d y i n g  t h e  f r e e - v i b r a t i o n  
c h a r a c t e r i s t i c s  o f  a l a r g e  s p l i t - b l a n k e t  s o l a r  
a r r a y  i n  a 0-g c a n t i l e v e r e d  c o n f i g u r a t i o n  a r e  
p resen ted .  The 0-g c o n f i g u r a t i o n  cor responds t o  
an o n - o r b i t  c o n f i g u r a t i o n  o f  t h e  space s t a t i o n  
s o l a r  a r r a y .  The f i r s t  method a p p l i e s  t h e  equa- 
t i o n s  o f  con t inuum mechanics t o  de termine t h e  na tu-  
r a l  f requenc ies  o f  t h e  a r r a y ;  t h e  second uses t h e  
f i n i t e  element method program, MSC/NASTRAN. The 
s t i f f n e s s  m a t r i x  f r o m  t h e  NASTRAN s o l u t i o n  was 
found t o  be e r r o n e o u s l y  grounded. The r e s u l t s  from 
t h e  two methods a r e  compared. I t  i s  conc luded t h a t  
t h e  g round ing  does n o t  s e r i o u s l y  compromise t h e  
s o l u t i o n  t o  t h e  e l a s t i c  modes o f  t h e  s o l a r  a r r a y .  
However, t h e  c o r r e c t  r i g i d  body modes need t o  be 
i n c l u d e d  t o  o b t a i n  t h e  c o r r e c t  dynamic model. 
Nomenclature 
b l a n k e t  w i d t h  
boom bend ing  s t i f f n e s s  
mass p o l a r  moment o f  i n e r t i a  p e r  u n i t  
1 eng th  
mass moment o f  i n e r t i a  o f  t i p  p i e c e  
t i p  p i e c e  i n e r t i a  r a t i o  (Eq. 19) 
boom t o r s i o n a l  s t i f f n e s s  
a x i a l  l o a d  parameter  for  bend ing  
(Eq. 15) 
t o r s i o n a l  s t i f f n e s s  f a c t o r  (Eq. 19) 
b l a n k e t  and boom l e n g t h  
t o t a l  mass o f  boom 
t o t a l  b l a n k e t  mass 
mass r a t i o  (Eq. 15) 
mass o f  t i p  p i e c e  
mass r a t i o  (Eq. 15) 
t o r s i o n a l  moment d i s  
bend ing  moment d i s t r  
compressive p r e l o a d  
shear d i s t r i b u t i o n  a 
r i b u t i o n  a long  boom 
b u t i o n  a l o n g  boom 
n boom 
ong boom 
b l a n k e t  t e n s i o n  pe r  u n i t  w i d t h  
t ime  
boom d isp lacemen t  
t o t a l  b l a n k e t  we igh t  
b l a n k e t  d isp lacement  
l o n g i t u d i n a l  c o o r d i n a t e  
l a t e r a l  c o o r d i n a t e  
c h a r a c t e r i s t i c  va lues  (Eq. 17) 
bend ing  f requency  parameter (Eq. 16) 
t o r s i o n a l  f requency  parameter (Eq. 20) 
t rans fo rmed  c o o r d i n a t e  (Eq. 3 )  
mass per  u n i t  l e n g t h  o f  boom 
mass pe r  u n i t  l e n g t h  o f  b l a n k e t  
c i r c u l a r  f requency  o f  v i b r a t i o n  
I n t r o d u c t i o n  
NASA's Space S t a t i o n  Freedom d e r i v e s  i t s  e l e c -  
t r i c a l  power from e i g h t  p h o t o v o l t a i c  a r r a y s .  Each 
a r r a y  i s  c a n t i l e v e r e d  o f f  o f  t h e  main space s t a t i o n  
t r u s s  as shown i n  F i g .  1 .  The e i g h t  a r r a y s  r e p r e -  
sen t  a s i g n i f i c a n t  amount o f  t h e  mass and i n e r t i a s  
o f  t h e  space s t a t i o n  ou tboard  o f  t h e  h a b i t a t i o n  and 
e x p e r i m e n t a t i o n  modules. The s t r u c t u r a l  des ign  o f  
t h e  p h o t o v o l t a i c  a r r a y s  has been e v o l u t i o n a r y .  
Severa l  s p a c e c r a f t  and exper iments  have used s i m i -  
l a r  des igns  i n  t h e  p a s t .  A c e n t e r  ex tendab le  t r u s s  
suppor t s  a p a l l e t  a t  t h e  t i p  o f  t h e  a r r a y .  Two 
b l a n k e t  s u b s t r a t e s ,  w i t h  s o l a r  c e l l s  mounted on one 
s i d e ,  a r e  a t t a c h e d  t o  t h i s  t i p  p i e c e .  The two 
b l a n k e t s  a r e  a r ranged on e i t h e r  s i d e  o f  t h e  extend- 
a b l e  t r u s s .  The bo t tom o f  t h e  b l a n k e t s  a r e  con- 
s t r a i n e d  by nega to r  s p r i n g s  which keep t h e  b l a n k e t s  
i n  c o n s t a n t  t e n s i o n .  I t  i s  t h e  c o n s t a n t  t e n s i o n  
which s u p p l i e s  t h e  s t r u c t u r a l  bend ing  s t i f f n e s s  t o  
t h e  b l a n k e t s .  T h i s  c o n f i g u r a t i o n  i s  i l l u s t r a t e d  i n  
F i g .  2 .  
De te rm in ing  t h e  dynamic response o f  t h e  space 
s t a t i o n  r e q u i r e s  accu ra te  models c r e a t e d  u s i n g  the  
f i n i t e  element method. The p o s i t i o n  and f l e x i b i l -  
i t y  o f  t h e  p h o t o v o l t a i c  a r r a y s  makes accu ra te  p re -  
d i c t i o n  o f  t h e i r  f r e e - v i b r a t i o n  c h a r a c t e r i s t i c s  
p a r t i c u l a r l y  c r i t i c a l .  Th i s  paper a t tempts  t o  
i n s u r e  t h a t  t h e  p r e d i c t e d  f r e q u e n c i e s  a r e  accu ra te  
by t h e  f o l l o w i n g  procedure .  F i r s t ,  an e x a c t  so lu -  
t i o n  o f  t h e  equa t ions  o f  cont inuum mechanics for  
t h e  n a t u r a l  f r e q u e n c i e s  o f  a s p l i t - b l a n k e t  s o l a r  
a r r a y  i s  p resen ted .  The cons ide red  s o l a r  a r r a y  
c o n t a i n s  seve ra l  i d e a l i z i n g  assumptions and i s  
p laced  i n  a 0-g f i e l d .  Second, 0-g n a t u r a l  f r e -  
quenc ies  o f  t h a t  same i d e a l i z e d  s p l i t - b l a n k e t  
s o l a r  a r r a y  a r e  c a l c u l a t e d  u s i n g  t h e  f i n i t e  e l e -  
ment approach. There a r e  seve ra l  reasons why a 
check on t h i s  s o l u t i o n  i s  d e s i r e d .  The t e n s i o n  
s u p p l i e d  s t i f f n e s s  o f  t h e  b l a n k e t  must be modeled 
i n  t h e  f i n i t e  element method as a d i f f e r e n t i a l  
s t i f f n e s s  (geomet r i c  n o n l i n e a r )  e f f e c t .  F u r t h e r -  
more, as d i scussed  i n  R e f .  1 ,  t h e  r e s u l t i n g  s t i f f -  
ness m a t r i x  i s  grounded i n  t h e  r o t a t i o n a l  degrees 
o f  freedom. There fo re ,  i n  o r d e r  t o  e s t a b l i s h  t h e  
1 
a c c e p t a b i l i t y  o f  t he  f i n i t e  element method f o r  
s o l v i n g  t h e  0-g s p l i t - b l a n k e t  s o l a r  a r r a y  problem, 
c a l c u l a t e d  c a n t i l e v e r e d  f r e q u e n c i e s  a re  compared 
t o  those c a l c u l a t e d  w i t h  t h e  e x a c t  s o l u t i o n .  I n  
making t h i s  comparison t h e  p r i m a r y  purpose o f  t h i s  
paper i s  f u l f i l l e d .  The f i r s t  f i v e  n a t u r a l  f r e -  
quenc ies  a r e  compared, wh ich  i n c l u d e  t h r e e  bend ing  
modes and two t o r s i o n  modes. 
S o l u t i o n  o f  t h e  Continuum Mechanics Equat ions  
f o r  Normal Modes and Frequenc ies  o f  the  
S o l a r  A r r a y  
P rev ious  E f f o r t s  
The c a n t i l e v e r e d  modes and f r e q u e n c i e s  of  a 
s p l i t - b l a n k e t  s o l a r  a r r a y  have been s t u d i e d  by sev- 
e r a l  i n v e s t i g a t o r s .  I n  R e f .  2 t h e  c a n t i l e v e r e d  
modes and f r e q u e n c i e s  o f  a s p l i t - b l a n k e t  a r r a y  i n  a 
0-g f i e l d  were i n v e s t i g a t e d  by s o l v i n g  t h e  d i f f e r -  
e n t i a l  equa t ions  gove rn ing  t h e  mo t ion .  Th is  method 
r e s u l t s  i n  t ranscenden ta l  equa t ions  t h a t  can be 
so l ved  n u m e r i c a l l y  for  t h e  f r e q u e n c i e s .  Refer -  
ence 3 p resen ts  b o t h  a cont inuum mechanics approach 
and a R a y l e i g h - R i t z  approach t o  c a l c u l a t i n g  t h e  
n a t u r a l  modes and f r e q u e n c i e s  o f  s p l i t - b l a n k e t  
s o l a r  a r r a y  i n  a 1-g f i e l d .  
t i o n  o f  t h e  f o l l o w i n g  equa t ions  a r e  a l s o  con ta ined  
i n  Re f .  3. 
The d e t a i l e d  d e r i v a -  
Bas ic  Assumptions 
s o l a r  a r r a y  i s  i d e a l i z e d  as shown i n  F i g .  3 .  Th i s  
f i g u r e  shows t h e  a r r a y  c o n s i s t i n g  o f  t h r e e  compo- 
n e n t s :  a c e n t e r  boom t h a t  suppor t s  t h e  a r r a y  
( r e f e r r e d  t o  as t h e  ex tendab le  t r u s s ) ;  a membrane 
s u b s t r a t e  w i t h  s o l a r  c e l l s  a t tached  t o  one s i d e  
( r e f e r r e d  t o  as t h e  b l a n k e t ) ;  and a beam a t  t h e  t i p  
o f  t h e  boom t h a t  t r a n s f e r s  a t e n s i o n  l o a d ,  P, f r o m  
t h e  boom t o  t h e  s u b s t r a t e .  The d isp lacements  of 
t h e  boom and b l a n k e t ,  normal t o  t h e  p lane  of  t h e  
b l a n k e t ,  a r e  denoted by V ( x , t )  and W(x,y,t), 
r e s p e c t i v e l y .  
mo t ion  f o r  t h e  a r r a y  t h e  f o l l o w i n g  assumptions were 
made : 
( 1 )  The bend ing  s t i f f n e s s  o f  t h e  b l a n k e t ,  nor -  
mal t o  i t s  p lane ,  i s  n e g l i g i b l e  so t h a t  t h e  b l a n k e t  
behaves l i k e  a membrane i n  t h i s  d i r e c t i o n .  
( 2 )  The t e n s i o n  d i s t r i b u t i o n  i s  u n i f o r m  across  
For  purposes o f  a n a l y s i s  a l a r g e  s p l i t - b l a n k e t  
I n  d e v e l o p i n g  t h e  equa t ions  of  
t h e  w i d t h  o f  t h e  b l a n k e t  ( i . e . ,  t h e  t i p  p i e c e  i s  
r i g i d ) .  
(3) Disp lacements  a r e  s m a l l ,  so t h a t  sma l l -  
d i sp lacemen t  t h e o r y  i s  v a l i d .  
( 4 )  Boom we igh t  i s  n e g l i g i b l e  ( i n  rega rds  t o  
t h e  g r a v i t y  g r a d i e n t  i n  a 1-g f i e l d ) ,  and the  shear 
c e n t e r  c o i n c i d e s  w i t h  t h e  n e u t r a l  a x i s  o f  t h e  boom. 
(5) The boom and t h e  b l a n k e t  l a y  i n  t h e  same 
p lane .  
Based on these assumptions t h e  equa t ions  d e s c r i b i n g  
t h e  mo t ion  o f  t h e  a r r a y  were developed. 
Equat ions  o f  Mo t ion  
The f o r c e s  a c t i n g  on an element o f  t h e  b l a n k e t  
d i s p l a c e d  an amount W(x,y,t) from i t s  s t a t i c  equ i -  
l i b r i u m  c o n f i g u r a t i o n  a r e  shown i n  F i g .  4 ( a ) .  
A p p l y i n g  Newton 's  second law o f  mo t ion  t o  t h i s  e l e -  
ment y i e l d s  t h e  f o l l o w i n g  equa t ion :  
( 1 )  
where b i s  t h e  b l a n k e t  w i d t h  and pm i s  t h e  mass 
pe r  u n i t  l e n g t h  o f  b l a n k e t .  
Now f o r  a b l a n k e t  hang ing  v e r t i c a l l y ,  t h e  ten-  
s i o n  a t  any p o i n t  x w i l l  be a s u p e r p o s i t i o n  o f  
t h e  p r e l o a d ,  P ,  t r a n s f e r r e d  t o  t h e  b l a n k e t  from t h e  
boom and t h e  we igh t  o f  t h e  b l a n k e t  below the  p o i n t  
x .  That  i s ,  
( 2 )  
where Wm i s  t h e  t o t a l  b l a n k e t  w e i g h t .  I n  v iew  o f  
Eq. ( 2 ) .  Eq. ( 1 )  i s  t rans fo rmed  by making t h e  f o l -  
l o w i n g  change o f  v a r i a b l e s :  
From Eqs. ( 1 )  and (3) t h e n  
(3) 
Equa t ion  ( 4 )  r e p r e s e n t s  t h e  d e s i r e d  form for  t h e  
e q u a t i o n  o f  mo t ion  o f  t h e  b l a n k e t .  
The e q u a t i o n  o f  mo t ion  i n  t h e  t r a n s v e r s e  
d i r e c t i o n ,  f o r  t h e  beam e lement  shown i n  F i g .  4 (b ) ,  
as g i v e n  by  beam t h e o r y  (Re f .  4 ) ,  i s  
I n  t h i s  manner i t  can be shown (Re f .  5 )  t h a t  t h e  
e q u a t i o n  gove rn ing  t h e  bend ing  mo t ion  o f  t h e  boom 
i s  g i v e n  by 
I n  a d d i t i o n  t o  t h e  bend ing  mo t ion  d e s c r i b e d  by 
Eq. ( 6 ) ,  t h e  boom can a l s o  exper ience  a r o t a t i o n a l  
mo t ion  about  i t s  c e n t e r l i n e .  The e q u a t i o n  govern- 
i n g  t h i s  mo t ion  i s  deve loped i n  numerous t e x t s  on 
v i b r a t i o n  t h e o r y  ( e . g . ,  Re f .  6) and i s  g i v e n  by 
where 0 i s  t h e  r o t a t i o n a l  ang le  o f  t h e  boom c ross  
s e c t i o n ,  I b  i s  t h e  mass p o l a r  moment o f  i n e r t i a  
p e r  u n i t  l e n g t h ,  and JG i s  t h e  t o r s i o n a l  s t i f f -  
ness o f  t h e  boom. Equat ions  (5) t o  ( 7 )  r e p r e s e n t  
t h e  r e q u i r e d  r e l a t i o n s  f o r  t h e  boom. 
The f i n a l  s e t  o f  equa t ions  a r e  t h e  equa t ions  
o f  mo t ion  f o r  t h e  t i p  p i e c e .  The f o r c e s  a c t i n g  
on t h e  t i p  p i e c e  a r e  shown i n  F i g .  5 .  A p p l y i n g  
Newton's second law o f  mo t ion  fo r  i o r c e s  i n  t h e  
2 
z - d i r e c t i o n  and moments about  an a x i s  p a r a l l e l  t o  
t h e  
i t y  o f  t h e  t i p  p i e c e  y i e l d s  t h e  f o l l o w i n g  two 
e q u a t i o n s :  
x -ax i s  and pass ing  th rough  t h e  c e n t e r  o f  g rav-  
= 0 (8) 
where M t p  i s  t h e  mass o f  t h e  t i p  p i e c e  and I t  
i s  t h e  mass moment o f  i n e r t i a  about  i t s  c e n t e r  OF 
g r a v i t y .  Equat ions  (10 )  and ( 1 1 )  can be w r i t t e n  i n  
terms o f  d i sp lacemen t  v a r i a b l e s .  T h i s  r e s u l t s  i n  
t h e  f o l l o w i n g  form f o r  t h e  t i p  p i e c e  equa t ions .  
3 + E  a x  a x  
I 2  
JG dt2 - + JEda- 0 ( 1 1 )  
Equat ions  (10 )  and ( 1 1 )  r e p r e s e n t  t h e  f i n a l  f o r m  o f  
t h e  equa t ions  o f  mo t ion  o f  t h e  t i p  p i e c e .  These 
equa t ions  t o g e t h e r  w i t h  Eqs. ( 4 ) ,  ( 6 ) ,  and ( 7 )  rep -  
r e s e n t  t h e  mo t ion  equa t ions  for  t h e  complete s o l a r  
a r r a y .  The d i sp lacemen t  v a r i a b l e s  i n  these equa- 
t i o n s  must s a t i s f y  c e r t a i n  boundary and c o m p a t i b i l -  
i t y  r e l a t i o n s .  These c o n d i t i o n s  a r e  g i v e n  n e x t .  
Boundary C o n d i t i o n s  and C o m p a t i b i l i t y  R e l a t i o n s  
A t  t h e  f i x e d  end o f  t h e  a r r a y  t h e  d i s p l a c e -  
ments and r o t a t i o n s  o f  t h e  a r r a y  
ze ro .  A t  t h i s  end, x = 0 and i t  
Eq. (3) t h a t  
c o n d i t i o n s  a t  t h e  f i x e d  end w i l l  
50 =dl + (Wm/P) .  
V(0.t) = 0 
av - ( 0 , t )  = 0 a x  
e ( 0 . t )  = o 
W ( C O ' Y , t )  = 0 
e lements  a r e  a l l  
f o l l o w s  from 
Thus, t h e  boundary 
be as f o l l o w s :  
J 
A t  t h e  f r e e  end o f  t h e  a r r a y  t h e  
r o t a t i o n s  o f  t h e  components must 
d isp lacements  and 
be compa t ib le .  A t  
I n  add i -  t h i s  end 
t i o n ,  t h e  moment a t  t h e  t i p  o f  t h e  boom i s  z e r o .  
Thus, t h e  boundary and c o m p a t i b i l i t y  r e l a t i o n s  a t  
t h e  f r e e  end a r e  as follows: 
x = 1 ;  and ' f rom Eq. ( 3 ) ,  < = 1 .  
Equat ions  (10)  t o  (13 )  r e p r e s e n t  t h e  comple te  s e t  
o f  r e l a t i o n s  t h a t  must be s a t i s f i e d  by t h e  so lu -  
t i o n s  t o  Eqs. ( 4 ) ,  ( 6 ) ,  and ( 7 ) .  
Exact  S o l u t i o n  t o  t h e  Equat ions  o f  M o t i o n  
The d e r i v a t i o n  o f  t h e  c h a r a c t e r i s t i c  equa t ions  
f o r  t h e  bend ing  and t o r s i o n a l  f r e q u e n c i e s  i s  
desc r ibed  i n  d e t a i l  i n  R e f .  3 .  I n c l u d e d  i n  t h i s  
r e f e r e n c e  a r e  t h e  s o l u t i o n s  for  a s o l a r  a r r a y  i n  a 
1-9 ground t e s t  c o n f i g u r a t i o n .  
s o l a r  a r r a y  i n  a 0-9 f i e l d  ( i . e . ,  an o n - o r b i t  con- 
f i g u r a t i o n ) ,  these c h a r a c t e r i s t i c  equa t ions  a r e  
de termined by t a k i n g  t h e  l i m i t  o f  t h e  f u n c t i o n s  i n  
t h e  1-9 equa t ions  as t h e  b l a n k e t  we igh t  
approaches ze ro .  
i n  d e t a i l  i n  R e f .  3. The c h a r a c t e r i s t i c  e q u a t i o n  
f o r  t h e  bend ing  f r e q u e n c i e s  o f  t h e  s o l a r  a r r a y  i n  
a 0-9 c o n f i g u r a t i o n  can be shown t o  be: 
For t h e  case o f  a 
Wm 
T h i s  p rocess  i s  a l s o  d e s c r i b e d  
(i ij4 s i n  a3 - E2a3 cos a3)[(a: + a:) 
t P  
1 x (a2 s i n h  al COS a2 - al cosh a1 s i n  a2)  
+ s i n  a3[2R6 + ~ j ~ ( ~ n ~  + F )  
-4-2 
x cosh a1 cos a2 - 
= o  (14)  
k s i n h  al s i n  a2] 
The parameters used i n  Eq. (14)  have been non- 
d imens iona l i zed  by t h e  use o f  t h e  f o l l o w i n g  
r e l a t i o n s h i p s :  
w i t h  t h e  bend ing  f requency  parameter  d e f i n e d  t o  be 
i j 4  = - MbQ3 2 
E 1  
and t h e  a f u n c t i o n s  d e f i n e d  as 
\ 
(16)  
3 
The c h a r a c t e r i s t i c  e q u a t i o n  for  t h e  t o r s i o n a l  
quenc ies  o f  t h e  s o l a r  a r r a y  can be shown to  be 
The parameters used i n  Eq. (18 )  have been nond 
s i o n a l i z e d  by these f o l l o w i n g  r e l a t i o n s h i p s :  
r e -  
( 1 8 )  
men- 
(19 )  
F i n i t e  Element Approach 
F i n i t e  Element Mode l i ng  
A c o n f i g u r a t i o n  o f  t h e  space s t a t i o n  s o l a r  
a r r a y  was modeled u s i n g  t h e  f i n i t e  element program, 
MSCINASTRAN.  There a r e  seve ra l  d i f f e r e n c e s  between 
t h e  space s t a t i o n  s o l a r  a r r a y  model and o u r  i d e a l -  
i z e d  s o l a r  a r r a y  model because o f  t h e  assumptions 
d i scussed  i n  t h e  p r e v i o u s  s e c t i o n .  The i d e a l i z e d  
s o l a r  a r r a y  f i n i t e  element model has no l o c a l  f l e x -  
i b i l i t y  or masses. I n  t h e  a c t u a l  space s t a t i o n  
a r r a y  model t h e r e  a r e  l o c a l  f l e x i b i l i t i e s  wh ich  
r e p r e s e n t  j o i n t s  and masses wh ich  r e p r e s e n t  e l e c -  
t r o n i c  packages. The i d e a l i z e d  s o l a r  a r r a y  was 
modeled t o  match t h e  s t r u c t u r e  s o l v e d  f o r  i n  t h e  
exac t  s o l u t i o n  as c l o s e l y  as p o s s i b l e .  
s o l a r  a r r a y s  has no  i n h e r e n t  bend ing  s t i f f n e s s .  
The bend ing  s t i f f n e s s  i s  d e r i v e d  f r o m  b e i n g  
s t r e t c h e d  by a c o n s t a n t  t e n s i o n .  
analogous t o  t h e  s t i f f n e s s  ach ieved when a drum 
head i s  s t r e t c h e d .  The b l a n k e t  o f  t h e  space 
s t a t i o n  i d e a l i z e d  s o l a r  a r r a y  i s  t ens ioned  by 
a p p l y i n g  f o r c e s  d i r e c t l y  t o  t h e  end o f  t h i s  b lan -  
ket .  The d i r e c t i o n  o f  t h e  f o r c e s  i s  ma in ta ined  i n  
The s u b s t r a t e  ( b l a n k e t )  o f  s p l i t - b l a n k e t  
T h i s  e f f e c t  i s  
w i t h  t h e  t o r s i o n a l  f requency  parameter d e f i n e d  as 
-2 MmQ 2 B - - w  t -  P (20) 
I t  can be shown t h a t  Eqs. (14 )  and (18) a r e  ana lo -  
gous t o  the  f requency  equa t ions  i n  R e f .  7 ,  wh ich  
were developed i n  a s t r a i g h t f o r w a r d  manner for  t h e  
0-g c o n f i g u r a t i o n .  
Summary o f  Cont inuum Mechanics Approach 
I n  the  p r e v i o u s  s e c t i o n s  t h e  equa t ions  govern- 
i n g  t h e  f r e q u e n c i e s  o f  a s p l i t - b l a n k e t  s o l a r  a r r a y ,  
which were de termined by s o l v i n g  t h e  d i f f e r e n t i a l  
equa t ions  gove rn ing  t h e  mo t ion  o f  t h e  system, were 
presented .  The r e s u l t s  showed t h a t  t h e  a r r a y  w i l l  
e x h i b i t  symmetr ic or bend ing  modes and ant isymmet- 
r i c  o r  t o r s i o n a l  modes o f  v i b r a t i o n  ( F i g .  6 ) .  The 
f r e q u e n c i e s  o f  t h e  bend ing  modes can be found  by 
s o l v i n g  E q .  (14)  fo r  an a r r a y  i n  a 0-g f i e l d .  
i l a r l y ,  t h e  t o r s i o n a l  mode f r e q u e n c i e s  can be 
de termined from Eq. ( 1 8 ) .  I n  b o t h  o f  these cases 
a h i g h l y  t ranscenden ta l  e q u a t i o n  i n v o l v i n g  t r i g o n o -  
m e t r i c  and h y p e r b o l i c  f u n c t i o n s  must be so l ved  
n u m e r i c a l l y  t o  o b t a i n  a s o l u t i o n .  The f requenc ies  
o f  t h e  a r r a y  i n  a 0-g f i e l d  w i t h  parameters  match- 
i n g  those f o r  t h e  space s t a t i o n  s o l a r  a r r a y  were 
c a l c u l a t e d  and w i l l  be p resen ted  i n  t h e  comparison 
s e c t  i o n .  
S i m -  
t he  p lane  o f  t h e  b l a n k e t .  There i s  no  s u p p o r t i n g  
s t r u c t u r e  modeled a t  t h e  bo t tom o f  t h e  b l a n k e t  
where t h e  f o r c e s  a r e  a p p l i e d .  I n  t h e  a c t u a l  des ign  
o f  t h e  space s t a t i o n  s o l a r  a r r a y  t h e r e  i s  a b l a n k e t  
box t h a t  suppor t s  the  bo t tom o f  t h e  b l a n k e t  and t h e  
t e n s i o n i n g  mechanisms. 
resen ted  as d i f f e r e n t i a l  s t i f f n e s s  membrane e l e -  
ments. The membrane elements used i n  t h i s  a n a l y s i s  
a r e  t h e  s tandard  MSC/NASTRAN CQUAD4 e lements  wh ich  
have t h e i r  bend ing  s t i f f n e s s  d e f i n e d  as z e r o .  The 
p r o p e r t i e s  for  these elements were d e r i v e d  from an 
EAL f i n i t e  element model which was s u p p l i e d  by 
Lockheed M i s s i l e s  and Space Company. They a r e  
c o n s i s t e n t  w i t h  t h e  proposa l  Lockheed made t o  t h e  
space s t a t i o n  p r o j e c t  for  t h e  s o l a r  a r r a y s  
( R e f .  8). 
The b l a n k e t  i t s e l f  i s  rep -  
The membrane elements which d e f i n e  t h e  b l a n k e t  
a r e  connected t o  a t o p  s t r u c t u r a l  member. I n  o r d e r  
t o  be c o n s i s t e n t  w i t h  t h e  assumptions t h a t  were 
made i n  d e f i n i n g  t h e  exac t  s o l u t i o n ,  t h i s  t i p  p i e c e  
was modeled u s i n g  r i g i d  elements and was connected  
r i g i d l y  t o  t h e  c e n t e r  boom. The cen te r  boom was 
modeled u s i n g  s tandard  (CBEAM) beam e lements .  Nor- 
m a l l y  t h e  c e n t e r  beam i s  c a n t i l e v e r e d  a t  t h e  base, 
b u t  t h i s  c o n s t r a i n t  can be removed to c a l c u l a t e  t h e  
r i g i d  body modes. Th is  f i n i t e  element model i s  
i l l u s t r a t e d  i n  F i g .  7 .  The v a r i o u s  s t r u c t u r a l  
parameters t h a t  were used t o  d e f i n e  t h i s  model a r e  
g i v e n  i n  Tab le  1 .  These same parameters were used 
t o  c a l c u l a t e  f r e q u e n c i e s  i n  t h e  exac t  s o l u t i o n .  
Due t o  programmat ic  changes, t h e r e  a r e  sma l l  d i f -  
f e rences  i n  s i z e  between these parameters and t h e  
c u r r e n t  space s t a t i o n  s o l a r  a r r a y  s p e c i f i c a t i o n s .  
F i n i t e  Element S o l u t i o n  
For t h e  s t a t i c  t e n s i o n i n g  o f  t h e  model t o  sup- 
p l y  t h e  bend ing  s t i f f n e s s  t o  t h e  b l a n k e t ,  d i f f e r e n -  
t i a l  s t i f f n e s s  c a p a b i l i t i e s  must be u t i l i z e d .  The 
d i f f e r e n t i a l  s t i f f n e s s  e f f e c t s  i n  t h e  case of t h e  
s o l a r  a r r a y  b l a n k e t  a r e  analogous t o  t h e  s t i f f n e s s  
ach ieved when a drum head i s  s t r e t c h e d .  I n  a 
f i n i t e  element s o l u t i o n  t h e  d i f f e r e n t i a l  s t i f f n e s s  
terms a r e  added t o  t h e  e lement  s t i f f n e s s  m a t r i x .  
I n  MSC/NASTRAN t h i s  can be accompl ished i n  t h e  
s tandard  s o l u t i o n  sequences./ The s t a t i c  t e n s i o n i n g  
o f  t h e  b l a n k e t  t akes  p l a c e  i n  MSC/NASTRAN's  geomet- 
r i c  n o n l i n e a r  s o l u t i o n  64 ( R e f .  9 ) .  The t e n s i o n  
a p p l i e d  t o  each b l a n k e t  i n  t h e  a c t u a l  space s t a t i o n  
s o l a r  a r r a y  i s  75 l b  ( t o t a l  t e n s i o n  b e i n g  150 l b ) .  
For t h e  purposes o f  t h i s  s tudy  t h e  l o a d  i s  v a r i e d  
f r o m  100 l b  t o  t h e  b u c k l i n g  l o a d  o f  t h e  combined 
system. 
The geomet r i c  n o n l i n e a r  s o l u t i o n  c a l c u l a t e s  an 
i n i t i a l  app rox ima t ion  for  t h e  d i f f e r e n t i a l  s t i f f -  
ness e f f e c t s  t h a t  r e s u l t  from t h e  s t a t i c  t e n s i o n -  
i n g .  These e f f e c t s  a r e  added to  s tandard  e lement  
s t i f f n e s s  m a t r i x .  Through t h e  use o f  a d d i t i o n a l  
subcases t h e  s o l u t i o n  t o  t h e  geomet r i c  n o n l i n e a r  
s t a t i c  p rob lem i s  i t e r a t e d  upon u n t i l  t h e  a p p l i e d  
l o a d  and t h e  i n t e r n a l  l o a d i n g  i s  ba lanced.  A t  
eve ry  i t e r a t i o n  t h e  geometry,  t h e  e x t e r n a l  l o a d i n g  
and consequen t l y  t h e  i n t e r n a l  l o a d i n g  and t h e  
s t i f f n e s s  m a t r i x  i s  updated .  A f t e r  t h e  f i n a l  i t e r -  
a t i o n ,  when t h e  s o l u t i o n  has s u c c e s s f u l l y  con- 
verged, t h e  s t i f f n e s s  m a t r i x  i s  r e t a i n e d .  Th is  
s t i f f n e s s  m a t r i x  i s  u t i l i z e d  by t h e  normal modes 
s o l u t i o n  63 sequence. The system n a t u r a l  f requen-  
c i e s  and mode shapes, u s i n g  t h e  updated s t i f f n e s s  
m a t r i x  wh ich  i n c l u d e  d i f f e r e n t i a l  s t i f f n e s s  
e f f e c t s ,  a r e  c a l c u l a t e d  i n  t h e  s tandard  normal 
modes s o l u t i o n .  
4 
Groundi n q  
The normal modes and f requenc ies ,  which 
i n c l u d e  d i f f e r e n t i a l  s t i f f n e s s  e f f e c t s ,  can be c a l -  
c u l a t e d  fo r  b o t h  t h e  c a n t i l e v e r e d  c o n f i g u r a t i o n  and 
t h e  f r e e - f r e e  c o n f i g u r a t i o n .  When t h e  normal modes 
and f r e q u e n c i e s  were c a l c u l a t e d  i n  a f r e e - f r e e  s i t -  
u a t i o n ,  o n l y  t h r e e  r i g i d  body modes were found t o  
e x i s t .  These were t h e  t h r e e  t r a n s l a t i o n a l  r i g i d  
body modes. The t h r e e  r o t a t i o n a l  r i g i d  body modes 
do  n o t  e x i s t  for  t h i s  d i f f e r e n t i a l  s t i f f n e s s  f i n i t e  
element model.  
t i o n s  were a l s o  a p p l i e d  t o  t h e  s t i f f n e s s  m a t r i x  o f  
t h e  model.  
l a r g e  i n t e r n a l  f o r c e s  and moments. There fore ,  t h e  
s t i f f n e s s  m a t r i x  t h a t  r e s u l t s  from t h e  geomet r ic  
n o n l i n e a r  s o l u t i o n  was de termined t o  be grounded. 
An e f fo r t  was made to  determine t h e  cause of  
t h i s  p rob lem.  The f i n i t e  element d i f f e r e n t i a l  
s t i f f n e s s  m a t r i x  t h a t  was c r e a t e d  by MSCINASTRAN 
was found t o  be i d e n t i c a l  t o  t h e  s t i f f n e s s  m a t r i x  
f o r m u l a t e d  by M a r t i n  (Re f .  10). I n  Ref .  1 i t  was 
p o i n t e d  o u t  t h a t  M a r t i n ' s  f o r m u l a t i o n  o f  t h e  d i f -  
f e r e n t i a l  s t i f f n e s s  m a t r i x  would n o t  have t h e  r o t a -  
t i o n a l  r i g i d  body modes. However, t h e  ground ing  of  
t h e  e n t i r e  model t h a t  occu rs  as a r e s u l t  of  t h i s  
phenomena was n o t  i d e n t i f i e d .  There fo re ,  i t  was 
conc luded t h a t  t h e  d i f f e r e n t i a l  s t i f f n e s s  t e r m s  
wh ich  a r e  added t o  t h e  element s t i f f n e s s  m a t r i x  
when t h e  model i s  s t a t i c a l l y  t ens ioned  grounds t h e  
s t i f f n e s s  m a t r i x .  T h i s  e f f o r t  i s  documented i n  
Ref .  11.  
f e r e n t i a l  s t i f f n e s s  m a t r i x  t o  i n c l u d e  t h e  r i g i d  
body r o t a t i o n s  would n o t  be f e a s i b l e  as a s h o r t  
t e rm s o l u t i o n .  R e f o r m u l a t i n g  t h e  d i f f e r e n t i a l  
s t i f f n e s s  membrane f i n i t e  element would be t ime  
consuming and perhaps unneeded, i f  t h e  m i s s i n g  
r o t a t i o n a l  r i g i d  body modes a r e  r e l a t i v e l y  easy t o  
c a l c u l a t e .  I f  t h e  c a n t i l e v e r e d  e l a s t i c  modes a r e  
c a l c u l a t e d ,  t h e  c o r r e c t  r i g i d  body modes can be 
appended to  t h e  m a t r i x  c o n t a i n i n g  t h e  e l a s t i c  
modes. The r e s u l t i n g  s e t  o f  m a t r i c e s  i s  then 
e q u i v a l e n t  t o  a s tandard  Craig-Bampton component 
mode r e p r e s e n t a t i o n  o f  t h e  s o l a r  a r r a y .  However, 
t h i s  model w i l l  be c o r r e c t  o n l y  i f  t h e  g round ing  
has n o t  a f f e c t e d  t h e  e l a s t i c  modes. To t h i s  end 
t h e  r e s u l t s  from t h e  f i n i t e  element s o l u t i o n  were 
compared t o  t h e  e x a c t  s o l u t i o n .  
R i g i d  body t r a n s l a t i o n s  and r o t a -  
The r i g i d  body r o t a t i o n s  genera ted  
Genera t i ng  and imp lement ing  a new element d i f -  
Comparison Between Exac t  and F i n i t e  
E l  emen t Sol u t i  ons 
The l a c k  o f  r o t a t i o n a l  r i g i d  body modes i n  
t h e  f i n i t e  e lement  s o l u t i o n  does n o t  p rove  t h a t  
t h e  p r e d i c t e d  e l a s t i c  f r e q u e n c i e s  a r e  i n  e r r o r .  To 
de te rm ine  t h e  f i n i t e  e lement  method 's  accuracy  i t s  
f r e q u e n c i e s  were compared t o  those c a l c u l a t e d  u s i n g  
t h e  e x a c t  s o l u t i o n .  Two separa te  FORTRAN programs 
were w r i t t e n  t o  c a l c u l a t e  t h e  bend ing  and t o r s i o n a l  
f r e q u e n c i e s  p r e d i c t e d  by t h e  exac t  s o l u t i o n .  
equa t ions  used t o  c a l c u l a t e  these f requenc ies  were 
Eqs. (14)  and ( 1 8 ) ,  r e s p e c t i v e l y .  The magnitude of  
t h e  t e n s i o n  i n  t h e  s o l a r  a r r a y  for b o t h  t h e  NASTRAN 
and t h e  e x a c t  s o l u t i o n  was v a r i e d  up t o  t h e  f i r s t  
b u c k l i n g  l o a d  o f  t h e  a r r a y .  The f i rst b u c k l i n g  
l o a d  o f  t h i s  i d e a l i z e d  space s t a t i o n  s o l a r  a r r a y  i s  
2130 l b .  The o p e r a t i n g  p o i n t  o f  t h e  a c t u a l  space 
s t a t i o n  s o l a r  a r r a y ,  as ment ioned p r e v i o u s l y ,  i s  
150 l b ,  o r  7 p e r c e n t  o f  t h e  c r i t i c a l  b u c k l i n g  l oad .  
The 
The c a l c u l a t e d  f r e q u e n c i e s  from the  two d i f -  
f e r e n t  s o l u t i o n s  were compared f o r  t h e  f i rst t h r e e  
bend ing  modes and t h e  f irst two t o r s i o n  modes. A 
g raph o f  t h e  t e n s i o n  l o a d  versus  f requency  of t h e  
bend ing  modes i s  shown i n  F i g .  8 .  As t h e  t e n s i o n  
l o a d  inc reases ,  t h e  f r e q u e n c i e s  o f  t h e  s o l a r  a r r a y  
beg in  t o  r i s e  due t o  t h e  i nc reased  s t i f f n e s s  i n  t h e  
b l a n k e t .  A s  t h e  t e n s i o n  con t inues  t o  i nc rease ,  t h e  
compression i n  t h e  c e n t e r  mast beg ins  t o  cause t h e  
f r e q u e n c i e s  t o  d rop .  The fundamental  bend ing  f r e -  
quency goes t o  z e r o  a t  t h e  f i r s t  b u c k l i n g  mode o f  
t he  beam. F i g u r e  9 i s  a g raph o f  t h e  p e r c e n t  d i f -  
f e rence  between t h e  e x a c t  s o l u t i o n  and t h e  f i n i t e  
element s o l u t i o n  o f  t h e  f i rst bend ing  mode. The 
reason f o r  t h e  i nc reased  d i f f e r e n c e  between t h e  
s o l u t i o n s  as t h e  l o a d  approaches t h e  b u c k l i n g  l o a d  
has n o t  been de termined a t  t h i s  t i m e .  F i g u r e  10 
p l o t s  t h e  f r e q u e n c i e s  o f  t h e  f i r s t  two t o r s i o n  
modes a g a i n s t  t h e  t e n s i o n  l oad .  F i g u r e  1 1  i s  t h e  
pe rcen t  d i f f e r e n c e  between t h e  exac t  and f i n i t e  
element s o l u t i o n s  o f  t h e  f i r s t  t o r s i o n  mode. The 
t e n s i o n  l o a d  was no rma l i zed  t o  t h e  f i r s t  b u c k l i n g  
l o a d  o f  t h e  system i n  a l l  t h e  f i g u r e s .  
The agreement between t h e  f i n i t e  element so lu -  
t i o n  and t h e  e x a c t  s o l u t i o n  i s  e x c e l l e n t  i n  t h e  
range o f  i n t e r e s t .  Severa l  o t h e r  f i n i t e  element 
mesh d e n s i t i e s  were a l s o  used t o  c a l c u l a t e  f requen-  
c i e s .  I t  was found  t h a t  t h e  accuracy  o f  t h i s  p rob-  
l e m  was n o t  s e n s i t i v e  t o  mesh d e n s i t y .  The o v e r a l l  
good c o r r e l a t i o n  i s  n o t  n e c e s s a r i l y  a genera l  
r e s u l t .  Severa l  cases were c r e a t e d  where t h e  
g round ing  s i g n i f i c a n t l y  a f f e c t e d  t h e  e l a s t i c  modes 
p r e d i c t e d  by t h e  f i n i t e  e lement  s o l u t i o n .  A s  a 
genera l  r u l e ,  a p rocedure  such as was f o l l o w e d  
h e r e i n ,  comparing an e x a c t  s o l u t i o n  t o  f i n i t e  e l e -  
ment s o l u t i o n s ,  shou ld  be u t i l i z e d  when u s i n g  d i f -  
f e r e n t i a l  s t i f f n e s s .  
Conc lus ions  
I n  t h e  l o a d i n g  range o f  i n t e r e s t ,  t h e r e  i s  
e x c e l l e n t  agreement between t h e  f i n i t e  e lement  
s o l u t i o n  and t h e  e x a c t  s o l u t i o n .  There fo re ,  t h e  
e l a s t i c  modes o f  t h e  f i n i t e  element s o l u t i o n  a r e  
accu ra te .  The c o r r e c t  r i g i d  body modes can be 
added t o  t h e  f i n i t e  e lement  c a l c u l a t e d  e l a s t i c  
modes t o  form a Craig-Bampton component mode r e p r e -  
s e n t a t i o n  wh ich  can then  be used i n  subsequent 
ana lyses .  The g e n e r a l l y  good agreement between t h e  
two s o l u t i o n s  shou ld  n o t  be cons t rued  t o  e s t a b l i s h  
t h a t  g round ing  caused by d i f f e r e n t i a l  e f f e c t s  can 
never be a p rob lem.  
where t h e  a round ina  a l t e r s  t h e  e l a s t i c  modes s i +  
There c o u l d  be s i t u a t i o n s  
n i f  
c i f  
i nd 
1 .  
2.  
3. 
can t l y :  
c p rob lem would have t o  be de termined on an 
v i d u a l  b a s i s .  
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TABLE 1 .  - PARAMETERS WHICH DEFINE THE 
IDEALIZED SOLAR ARRAY STRUCTURE 
Length ,  i n .  . . . . . . . . . . . . . .  1146. 
Width,  i n .  . . . . . . . . . . . . . . .  380 
Beam E I ,  p s i  . . . . . . . . . . . .  2 . 8 5 ~ 1 0 8  
Beam GJ, p s i  . . . . . . . . . . . .  6 . 9 ~ 1 0 ~  
Beam w e i g h t ,  l b  . . . . . . . . . . . .  286.5 
B l a n k e t  we igh t ,  l b  . . . . . . . . . . .  766 
T i p  we igh t ,  l b  . . . . . . . . . . . . .  67 
T i p  i n e r t i a ,  l b - i n 2  . . . . . . . . .  8 . 0 6 ~ 1 0 ~  
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FIGURE 1. - SPACE STATION FREEDOM. 
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FIGURE 2. - SPACE STATION SPLIT BLANKET SOLAR ARRAY. 
FIGURE 3. - GEOMETRY AND COORDINATE SYSTEM FOR A LARGE SOLAR ARRAY 
WITH A SPLIT BLANKET. 
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(b) BEAN ELEMENT 
FIGURE 4. 
SHOWING FORCES, MOMENTS. AND DISPLACEMENTS 
- FORCES ACTING ON BLANKET AND BEAM. 
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(a )  FORCES AND DISPLACEMENT OF TIP PIECE 
IN X-2 PLANE. 
( a )  FORCES AND DISPLACEMENTS OF TIP PIECE I N  
y-z PLANE. (FOR CLARITY THE UNIFORM LOAD 
w/b) aw/dx ca.t) IS NOT SHOWN.) 
FIGURE 5. - FORCES AND DISPLACEMENTS OF TIP PIECE. 
I 
10 
- (b)  SOLAR ARRAY IN A SYMMETRIC (BENDING) MODE OF VIBRATION. 
( b )  SOLAR ARRAY IN A ANTISYMMETRIC (TORSIONAL) MODE OF VIBRATION. 
FIGURE 6. - BENDING AND TORSIONAL MODES OF VIBRATION. 
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FIGURE 7. - F I N I T E  ELE- 
MENT MODEL OF IDEALIZ- 
ED SPACE STATION SOLAR 
ARRAY. 
0 1ST EXACT. IST F I N I T E  ELEMENT 
0 .2  .4 .6 .8 1 . o  
TENSION LOAD. PIP,,. 
FIGURE 8.  - BENDING FREQUENCIES VERSUS LOAD, EXACT AND 
F I N I T E  ELEMENT SOLUTION OF AN IDEALIZED PHOTOVOLTAIC 
ARRAY, 
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FIGURE 9. - PERCENT DIFFERENCE BETWEEN EXACT AND F I N I T E  
ELEMENT SOLUTION OF IST BENDING MODE VERSUS TENSION 
LOAD. 
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FIGURE IO. - TORSION FREQUENCIES VERSUS LOAD. EXACT AND 
F I N I T E  ELEMENT SOLUTION. 
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FIGURE 11. - PERCENT DIFFERENCE BETWEEN EXACT AND F I N I T E  
ELEMENT SOLUTION OF IST TORSION MODE VERSUS TENSION 
LOAD. 
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